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Some implications of the 2-fold Bailey lemma
Alexander E Patkowski
Abstract
We examine the 2-fold Bailey lemma and some implications. Some discussion of the spt∗M(n)
function as well as the Andrews’ Durfee refinement of Euler’s identity.
1 Introduction
The Symmetric Bilateral Bailey transform, states that if
Bn =
n∑
j=−n
Ajun−jvn+j , (1)
and
γn =
∞∑
j=|n|
δjuj−nvn+j, (2)
then
∑
n∈Z
Anγn =
∑
n≥0
Bnδn. (3)
Here we say that (An, Bn) is a Bailey pair (in the symmetric sense), and (γn, δn) is a conjugate
Bailey pair. If we negate symmetry, we say a pair (αn, βn) is a Bailey pair if
βn =
n∑
j≥0
αjun−jvn+j. (4)
Bailey [6] chooses vn = (aq)
−1
n , un = (q)
−1
n , (where we used standard notation [9]) giving the
conjugate pair (γn, δn)
δn = (ρ1)n(ρ2)n(aq/ρ1ρ2)
n, (5)
γn =
(aq/ρ1)∞(aq/ρ2)∞
(aq)∞(aq/ρ1ρ2)∞
(ρ1)n(ρ2)n(aq/ρ1ρ2)
n
(aq/ρ1)n(aq/ρ2)n
. (6)
Andrews [4] considers an s-fold extension of the Bailey lemma, which is merely a s-fold product
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of Bailey’s lemma attached only by the pair (An1,n2,··· ,ns, Bn1,n2,··· ,ns). Since we are studying
the 2-fold extension, we may state this in the form
∑
n1,n2∈Z
An1,n2γn1γ
′
n2 =
∑
n1,n2≥0
Bn1,n2δn1δ
′
n2 . (7)
In [4] Andrews’ main focus is the application of the conjugate pair (5)–(6) for both (γn, δn)
and (γ
′
n, δ
′
n) in (7) with ρ1, ρ2 → ∞. In [11] q-series were discovered related to both positive
definite quadratic forms and indefinite ternary quadratic forms using only the 1-fold Bailey
lemma. A nice consequence of [11] is that it is clear that identities that arise naturally from
inserting 2-fold Bailey pairs into the 2-fold Bailey lemma may also be obtained using special
Bailey pairs with the 1-fold Bailey lemma. One particularly nice example from that study is
the new expansion
(q)3∞ =
∑
N∈Z
n≥0
2|j|≤n
(−1)N+n+jqN(N−1)/2+n(n+1)/2−j(3j−1)/2+jN , (8)
where the sum over N ∈ Z is to be done last in the order of summation. In fact one may
summarize the simple method from [11] in the following proposition.
Proposition 1. If (γn, δn) is a conjugate Bailey pair relative to a = 1, then (αN , βN ) is a
Bailey pair relative to a = q where
αN = (1− q)
−1(−1)N (1− q2N+1)qN(N−1)/2
∑
j∈Z
γj(−1)
jqj(j+1)/2+jN , (9)
βN =
δNq
−N
(q)2N
. (10)
Given [11], one might wonder if there is a direct relation between a 1-fold Bailey pair given
a k-fold Bailey pair.
Lemma 2. If (An1,n2,··· ,nk , Bn1,n2,··· ,nk) is a k-fold Bailey pair, then (An, Bn) is a 1-fold Bailey
pair where (relative to aj , j = 1, 2, · · · k − 1, k)
An =
∑
n1∈Z
· · ·
∑
nk∈Z
γ1n1γ2n2 · · · γknkAn1,n2,···nk,n, (11)
Bn =
∑
n1≥0
· · ·
∑
nk≥0
δ1n1 δ2n2 · · · δknkBn1,n2,···nk,n, (12)
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and (γknk , δknk ) is a conjugate pair for each k ∈ N.
Lemma 2 allows one to prove all of Andrews’ pentagonal identities in [4] using only the 1-
fold Bailey lemma, by the choice γknk = q
n2
k/(q)∞, and δknk = q
n2
k . A typical example is the
symmetric 1-fold pair (An, Bn) relative to a = 1,
Bn =
qn
2
(q)2n
, (13)
An =
(−1)nqn(n−1)/2
(q)∞
∑
j∈Z
(−1)jqj(3j−1)/2+nj , (14)
which has a proof through use of the pair used in Andrews’ [4, Theorem 2] with Lemma 2.
For more 2-fold and 3-fold Bailey pairs see Berkovich [7].
2 The spt function of Andrews
In [12], it was asked if the q-series studied therein had any origin from the 1-fold Bailey lemma,
and whether there was another general form of Andrews’ relation [5] spt(n) = np(n)−N2(n).
Here spt(n) is the total number of appearances of the smallest parts of all the partitions of
n, p(n) is the classical unrestricted partition function, and N2(n) is the second Atkin-Garvan
moment. (See [5] for more details.)
Lemma 3. We have that (αn, βn) form a Bailey pair relative to a = 1, where
αn =
(q)M (−1)
n(1 + qn)qn(3n−1)/2
(q)M−n(q)M+n
, (15)
for n > 0, and
α0 =
1
(q)M
,
βn =
1
(q)n(q)n+M
. (16)
Proof. Using the standard definitions of a Bailey pair [6, 13], we choose our βn to be (16) and
write
(−1)N (1 + qN )q(
N
2
)
N∑
j≥0
(qN )j(q
−N )jq
j
(q)j(q)j+M
=
(q)M (−1)
N (1 + qN )qN(3N−1)/2
(q)M−N (q)M+N
= αN ,
for N > 0, and
α0 =
1
(q)M
.
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This follows from the q–Chu–Vandermonde theorem [9], because
(q)M
N∑
j≥0
(qN )j(q
−N )jq
j
(q)j(q)j+M
=
(qM−N+1)Nq
N2
(qM+1)N
=
(q)M (q)M q
N2
(q)M−N (q)M+N
.
Corollary 4. We have, for each natural number M,
∑
n≥1
(
qn + 2q2n + · · ·
) 1
(1− qn+1) · · · (1− qn+M )
=
1
(q)M
∑
n≥1
nqn
1− qn
+ (q)M
M∑
n≥1
(−1)n(1 + qn)qn(3n+1)/2
(q)M−n(q)M+n(1− qn)2
.
(17)
The q-series on the left side of (17) appeared in [12], and is the generating function for
spt∗M(n), the total number of appearances of the smallest parts of the number of partitions of
n where parts greater than the smallest plus M do not occur. The case M → ∞, is clearly
spt(n) = np(n)−N2(n). It can easily be seen this identity gives us the following Bailey pair.
Lemma 5. We have that (αM , βM ) form a Bailey pair relative to a = 1, where
αM =
(−1)M (1 + qM )qM(3M+1)/2
(1− qM )2
, (18)
for M > 0, and
α0 =
∑
n≥1
nqn
1− qn
,
βM =
1
(q)M
∑
n≥1
(
qn + 2q2n + · · ·
) 1
(1 − qn+1) · · · (1− qn+M )
. (19)
Lemma 5 may be used to prove [12, Theorem 1].
At this point we have started with our choice of βn, which only arose when we studied
a special q-series from the study [12], and made direct computations to arrive back at [12,
Theorem 1]. An alternative approach would be to simply apply the Joshi and Vyas 2-fold
Bailey pair [10, 12] with Lemma 1 (when taking it out of symmetric form), k = 1, with the
special case of the conjugate pair (δ1n1 , γ1n1 )
δ1n1 = (q)
2
n1−1q
n1 , (20)
and
γ1n1 =
qn1
(1− qn1)2
, (21)
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for n1 > 0, and
γ10 =
∑
n≥1
nqn
1− qn
. (22)
and some rearrangement. The point here being that no discussion of spt∗M(n) or Corollary 4
arose until studying some identities using the 2-fold [4].
3 The Andrews’ Durfee identity
In [2] Andrews offers a refinement of Eulers’ classical identity for the generating function for
p(n),
∑
n1≥0
· · ·
∑
nk−1≥0
qN
2
1
+N2
2
+···+N2
k−1zN1+N2+···+Nk−1
(q)n1(q)n2 · · · (q)nk−1(zq)nk−1
=
1
(zq)∞
, (23)
where Nj = nj + nj+1 + · · ·+ nk−1.
To the best of my knowledge the only known Bailey lemma proof offered in the literature
of (23) is for the z = 1 case. Here we offer a slightly different refinement of Eulers’ identity.
Corollary 6. We have for k ∈ N, any integer M ≥ 0,
∑
n1≥0
· · ·
∑
nk≥0
qn
2
1
+n2
2
+···+n2
k
+Mnk
(q)n1−n2(q)n2−n3 · · · (q)nk−1−nk(q)nk(q)nk+M
=
1
(q)∞(q)M
+
(q)M
(q)∞
M∑
n≥1
(−1)n(1 + qn)qn((2k+1)n−1)/2
(q)M−n(q)M+n
.
(24)
Proof. Using the approach in the previous section, we find that (αn, βn) form a Bailey pair
relative to a = 1, where
αn =
(q)M (−1)
n(1 + qn)qn(n−1)/2
(q)M−n(q)M+n
, (25)
for n > 0, and
α0 =
1
(q)M
,
βn =
qnM
(q)n(q)n+M
, (26)
for any integer M ≥ 0. This follows from an alternative form of the q-Chu-Vandermonde sum
than the one used for Lemma 3. Using the Bailey chain [3], we find after inserting (25)–(26)
into [8, eq.(3.2), a = 1] the resulting Corollary.
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That is, this is just a consequence of the Bailey pair (αn, βn) relative to a = 1,
αn =
(q)M (−1)
n(1 + qn)qkn
2+n(n−1)/2
(q)M−n(q)M+n
, (27)
for n > 0, and
α0 =
1
(q)M
,
βn =
∑
n1≥0
· · ·
∑
nk≥0
qn
2
1
+n2
2
+···+n2
k
+Mnk
(q)n−n1(q)n1−n2(q)n2−n3 · · · (q)nk−1−nk(q)nk(q)nk+M
. (28)
Note that Corollary 6 is not the z = qM case of Andrews’ refinement (23). Further, the
case M = 0, is Euler’s identity
∑
n≥0
qn
2
(q)2n
=
1
(q)∞
.
When k = 2, we find the left side of (24) reduces to
∑
n≥0
qn
2
(q)n(q)n+M
,
upon noting that
1
(q)n(q)n+M
=
∑
j≥0
qj
2+jM
(q)n−j(q)j(q)j+M
. (29)
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